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1. Introduction 



1.1. A description of the problem. In an ideal complete market, each contingent claim can be perfectly 
replicated and, thus, a rational agent is indifferent between the (random) claim itself and its (deterministic) 
replication price. Abundant empirical evidence shows that the real financial markets are far from complete; 
only a small portion of contingent claims can be replicated in the market to a satisfactory degree. A 
non-specific abstract notion of rationality is no longer sufheient to single out a unique "fair price" of any 
contingent claim. This effect is demonstrable in over-the-counter transactions where (typically) two agents 
negotiate a price of a single, indivisible, not-perfectly-replicable contingent claim. The final outcome of such 
a negotiation eventually hinges upon two idiosyncratic factors - the agents' attitude towards risk and their 
negotiation skills. The focus of the present paper is the former. We ask the following question: Under what 
conditions on the claim whose price is being negotiated, the liquid-market environment and the agents' risk 
attitudes will a mutually beneficial agreement be feasible? 

Our modelling choices are informed by simplicity, but we steer clear of oversimplification. In particular, 
we assume that the two agents are expected utility maximizers in the von Neumann-Morgenstern sense, with 
a common investment horizon T. For simplicity and analytic tractability we assume that both agents' utility 
functions are exponential, possibly with different risk-aversion parameters. An important feature which is 
not present in a major part of the past work on the subject is the presence of random endowments - the 
agents are assumed to hold an illiquid portfolio and the risk assessment of any contingent claim will depend 
heavily upon its (co-)rclation with this illiquid portfolio. In addition to the illiquid random endowments, 
both agents have access to a liquid incomplete financial market modelled by a general locally-bounded 
semimartingale. Also, we assume that all pay-offs are already discounted in time-0 terms; this way we can 
freely compare values corresponding to different points in time. Mathematical-finance literature abounds 
with information on t he utility-maximization problem for a variety of utili t y con c epts (see, for instance , 

feooil). 



Karatzas et al 



(199C) 



Kramkov and Schachermaven (|l999l ). ISchachermaveii (|2001l ). 



OwenI (|2002f) . IOwen and Zitkovic 



Cvitanic et al 



20061) ). 



Under the conditions described above, the two agents meet at time when one of the agents (the seller) 
offers a contingent claim with timc-T payoff B to the other one (the buyer) in exchange for a lump-sum 
payment p at time t ~ 0. Our central question, posed above, can now be made more precise and split into 
two separate components: 

1. Is there a number p G M such that the exchange of the contingent claim B for a lump sum p is 
(strictly) beneficial for both agents? 

2. If more than one such p exists, can we determine the exact outcome of the negotiation? 

The net gain B—p will be beneficial for the buyer if he/she can find a trading strategy such that the resulting 
wealth at time T gives rise to a higher expected utility than the one he/she would be able to obtain without 
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B — p. A similar criterion applies to the seller. In case the answer to question 1. is positive, we say that the 
agents are in agreement. 

While we give a fairly complete answer to question 1., we only touch upon the issues involved in question 
2. In fact, it is not possible to give a definitive answer t o this question without a precise model of the 
negotiation process (sec, for instance. iBazerman and Neald ([1992)). A partial answer is possible, however, 
when the indivisibility assumption is dropped (see Section [5|). 

1.2. Our results and how they relate to existing research. Our results are naturally split into 4 parts 
which correspond to Sections 3, 4, 5 and Appendix A in the present paper: 

1. Abstract agreement: We start with the study of the class Q° of all (appropriately regular) contingent 
claims B for which the agents arc in agreement. It is, perhaps, surprising that unless non-replicable random 
endowments are present, no contingent claims will lead to agreement, even for agents with different risk- 
aversion coefficients. When the random endowments are indeed present, we give a necessary and sufficient 
condition for the set Q° to be non-empty. This characterization is closely related to the notion of optimal 
risk sharing which was first s tudied in the context of insurance/reinsurance negotiation (see, for instance. 



Biihlmann and Jewelll (119791). 



(see 



Follmer and Schiedl (|2004f ) 



Barrieu and El Karoui 



Dana and Scarsinil (12007 ) ) and recently developed f or in more general settings 



|2004h . 



Jouini et al 



( 20061 ) and lFilipovic and Kupper 



(l2008a|)). 



2. Agreement for a specific claim - residual risk and approximation: Next, we consider a question which 
is in a sense dual to the one tackled in the previous part: is there a criterion for an agreement about a 
given claim B7 We propose two approaches: one through the notion of residual risk and the other based on 
asymptotic approximation of co nditional indifference prices f or srn all quantities. 

Residual risk (introduced in iMusiela and Zariphopouloul |2004l )) of a random liability is defined as the 
difference between the liability's payoff and the terminal value of the optimal risk-monitoring strategy at 
maturity. We establish the following criterion, made precise in the body of the paper: a claim is mutually 
agreeable if and only if it reduces the residual risk for both agents. 

The other approach provides an explicit criterion in the asymptotic case when the size of the contingent 
claim B is small compared to the size of the agents' random endowments. It is possible to phrase the 
agreement problem in terms of a relationship between the buyer's and the seller's conditional indifference 
price for the claim, so it is not unusual that an asymptotic study of these quantities plays a major role. More 
precisely, we establish a rather general Taylor-type approximation of the conditional exponential indifference 
price for locally bounded semimartingales on left-continuous filtrations. These approximations are then used 
to give simple asymptotic criteria for agreeability, as well as the asymptotic size of the interval of mutually- 
agreeable prices. Since it is not possible to obtain closed-form representations of indifference prices in general 
market models, such asymptotic results can be very useful even beyond the agreement problem. 
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Asymptotic techniques are not new in utility maximization problems. In iKramkov and Sirbul (|2007f ). 
a first order approximation of the optimal hedging strategy in a semimartingale market for g e neral utili- 
ties (defined on the po s itive real line) is provided. This generalizes the results of iHendersonI (|2002| ) and 
( 2002 ). For expon ential utility, the first derivative of the indifference price for a vec- 



Henderson and Hobson 



tor of claims is given in lllhan et al.l (j2005f ). By imposing the assumpti on of left-continuity on the filtra tion, 
we generalize their result (as well as the asymptotic approximation in lSircar and Zariphopouloul (|2005f )) by 
providing a second order approximation of the price for a vector of claims. 

3. Partial equilibrium prices: In the third part of the paper we look into the following, related, question: if 
the agents are allowed to choose not only the price of the claim, but also the quantity traded, can the market 
clearing (partial equilibrium) conditions be used to compute these two quantities? We consider bundles of 
several contingent claims and prove existence and uniqueness of equilibrium price-quantities, as well as a 
formula for the partial equilibrium price. The existence results of various types of competitive equilibria are a 
staple of quant itative economics li t eratu re , and have rece n tly m a de their wa.y into mathematical finance (see. 



Burgert and Riischendori 



among oth ers. iDana and Le Van (120001) iHeath and Kul (|2004[ ). IZitkovid (|2006f) . 
(j2007[ ) and iFilipovic and Kuppen (j2008bf )). Our incomplete partial-equilibrium setting is, however, new and 
not covered by any of the existing results. As we already mentioned above, it is only in the present setting 
that we can say something about question 2., i.e., about the realized price p of the offered contingent claim 
B. 

4-. Conditional indifference prices: Our structural results rely he avily on the notion of condit ional indif- 
ference prices. Utility-indifference prices were first introduced in lHodges and Neubergei ( 1989), and the n 



furthe r inves t igated and deve l oped by a large number of au t hors (see, for ins t ance. 



Davis (1997). 



Mania and Schweizei 



Fritteiiil mm, 
(good), 



Kloppel and Schweizei 



Rouge and El Karouil (20001) IZariphopouloul j200l[ l 



Karatzas and Kor 



Hugonnier et al 



1996), 



20051 ). 



( 20071 ) ) . The s p ecial c ase (pertinent to the presen t 
paper) of expgnentia- l indifference prices wa s stu died, e.g.. in iFrittellil (120001) . iRouge and El Karouil (|2000l ). 



Zariphopouloul (j200lh . 



Delbaen et al 



( 20021 ) and lMania and Schweized (|2005| ). 
In the presence of an illiquid random endowment, we talk about a con ditional indiffer ence price (also known 
as relative indifference price in iMusiela and Zariphopouloul (|2003l ) and lStoikovl (120061 )). In the exponential 
world, some of its properties can be obtained by a simple change of measure which, effectively, removes the 
conditionality. Other properties, however, cannot be dealt with in that manner. The goal of the last part 
of this work is to establish certain properties of conditional indifference prices in a general semimartingale 
market setting. We show, for instance, a rather unexpected fact that conditional indifference prices (unlike 
their unconditional versions) do not have to be monotone in the risk-aversion parameter. 

1.3. The structure of the paper. In Section [2l we describe the market model and introduce necessary 
notation. The notion of agreement is introduced and our main abstract results are proven in Section [3] In 
Section |4] we study the small-quantity asymptotics of conditional indifference prices, and use it to provide 
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an agreement criterion. An example in the Brownian setting is also presented. The topics of Section [5] are 
existence and uniqueness of partial equilibrium price-quantities for vectors of contingent claims. In Appendix 
|X]we state some properties of conditional indifference prices, and in Appendix [B] we give an outline of some 
known results on residual risk. 



2. Some modelling and notational preliminaries 

2.1. The financial market. Our model of the financial market is based on a filtered probability space 
(ri,.F,F,P), F = {^t)t^[o T]i T > 0, which satisfies the usual conditions of right-continuity and completeness. 
There are d + 1 traded assets {d G N), whose discounted price processes are modelled by an R'^+^-valued 
locally bounded semimartingale {sj:^^; St)t£[o^T] = [St^^ ; sl^\ . . . , Sf'^^)t^[o^T]- The first asset plays the 
role of a numeraire security or a discount factor. Operationally, we simply set Sj"' = 1, for all t G [0,T], a.s. 

2.2. Agent behaviour. Placing ourselves in the von Neumann-Morgenstern framework, we assume that 
each market participant evaluates the risk of an uncertain position X at time T according to the expected 
utility ¥F[U{X + £)], where f/ is a utility function and £ is the random endowment (accumulated illiquid 
wealth) and P is a subjective probability measure. For technical reasons, we restrict our attention to 
£ e L°° (jF) and the class of exponential utilities 

U{x) = — exp{—'-fx), a: e M 

where the constant 7 £ (0, 00) is the (absolute) risk aversion coefficient. 

2.3. Admissible strategies and the absence of arbitrage. A financial agent invests in the market by 
choosing a portfolio strategy i9 in an admissibility class 0, to be specified below. The resulting gains process 
(Gf)t£[o.T] is simply the stochastic integral Gf = (1? • S)t ~ i?uC?S„. Due to the exponent i al nat ure 



of the utility functio ns considered here, we follow the setup introduced in iMania and Schweizerj (j2005l ) or 



Delbaen et al 



(2002). Before we give a precise description of the aforementioned set 0, we need to introduce 
several concepts related to the no-arbitrage requirement. We start with the set Ma of absolutely continuous 
local martingale measures, where 

Ma = {Q <C P : S is a local martingale under Q} 

The set Me oi all elements Q of A^^ which additionally satisfy Q ^ P is called the set of equivalent local 
martingale measures. For a probability measure Q on (Cl,J-), we define 

00, otherwise 
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The (extended) positive number ?i(Q|P) is called the relative entropy of the probability measure Q with 
re spect to probability measure P. F or details on the n otion of relative entropy we refer the interested reader 
to brandits and Rheinlandej pOOa ) or IPrittellil pOOOf) . We set 

Mej = {QeMe ■■ n{Q\F) < 00} 
and enforce the following assumption 
Assumption 2.1. Aiej ^ 0- 

Assumption 12.11 triviallv implies that M^, ^ which, in turn, guarantees that no arbitrage opportunities 
exist in the market (a stronger statement of "no free lunch with vanishing risk" will hold, as well). The 
additional requirement in Assumption 12.11 is common in the literature and it ensures that the choice of the 
expone ntial function f o r the u tility lea,ds to a well-defined beha vior for utility-maximizing agents (see, among 
others, 



Delbaen et al 



( 2002( 1 . iFrittellil (|200a ) . iBechered (|2001[ ) and lMania and Schweized (|200a i). 
Having introduced the required families of probability measures, we turn back to definition of the class 
of admissible strategies: 



(2.1) 



= {i9 e i (S) : (i9 • S) is a Q-martingale, VQ G Mej} 



where L{S) is the set of all predictable ((i+ l)-dime nsional S-integrable processe s on [0,T]. More information 
about the set Q of admissib le strategies is given in iMania and Schweizen lj2005l ) (see also remarks on the set 
02 in loelbaen et al. (2002)). 

We remind the reader that LP (J-) denotes the set of all (P-a.s. equivalent classes of) J-'-measurable random 
variables. A random variable B E LP{T) is said to be replicable if there exists a constant c and an admissible 
strategy i9 e such that B = c + {'d ■ S)^, a.s.; the set of replicable random variables will be denoted by TZ. 
More generally, we introduce the following equivalence relation between random variables in lI'{J-): 

Definition 2.2. We call two random variables B,C E L*'(J-") risk equivalent or equal up to replicability and 
write i? ~ C, if the difference i? — C is replicable. 

It is clear that the relation ~ is an equivalence relation on LP [T) (since is a vector space) . We note that 
the zero equivalence class coincides with the set TZ of the replicable random variables. For future reference, 
we let Tl°° = TZn L°°(jF) denote the set of all (essentially) bounded replicable random variables. 

2.4. Some special probability measures. The expectation operator under a probability measure Q is 
denoted by E''2[-], where the superscript Q is omitted in the case of the (subjective) measure P. Also, for a 
random vector B = (Bi,S2, ...,S„), E^p] stands for the vector (EQ[Bi],EQ[B2], ...,EQ[B„]) g K". 

For a random variable B G L"(J^) with E[exp(i?)] < 00, the probability measure whose Radon- Nikodym 



derivative with respect to P is given by 



cxp(B) 



■, is denoted by Pg. Furthermore, 



denotes the probability 



E[cxp(S)] ' 

measure in Ada with the minimal relative entropy with respect to P i.e., the probability measure for which 
7Y((Q(")|P) < H(Q|P) for all Q G Ma- It is a consequence of Assumption [Q that the probability measure 
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exists, is unique and belongs to Aiej (see iFrittellil (|2000l ). page 43, Theorem 2.2). Similarly, for every 



B such that E[exp(_B)] < oo, t here exists a unique p robability measure Q'^' G Ada such that 7Y(Q^^)|Pb) < 



:»b) for all Q e (see 



Delbaen et al 



(|2002l) . page 103). 



3. A NOTION OF AGREEMENT BETWEEN FINANCIAL AGENTS 

3.1. Utility maximization and indirect utility. Given their risk profiles, financial agents trade in the 
financial market with the goal of maximizing expected utility. More precisely, an agent with initial wealth 
cc G R, risk-aversion coeflScient 7 and random endowment £ e L°° will choose a portfolio process i9 G 
so as to maximize the expected utility E[— cxp(— 7((a- + • S)t + £)}]■ The value function Uj{x\£) of the 
corresponding optimization problem is given by 



(3.1) 



\£) = supE - exp (-7(.T + (i9 • S)t + £)) 



, X G 



Overloading the notation slightly, for any random variable B G h°°{T) (interpreted as a contingent payoff 
with maturity T) we define the indirect utility of B by u-y{B\£) = u-y{0\£ + B), i.e. 



(3.2) 



u^{B\£) = supE - exp(-7 ((i9 ■ S).j. + £ + B)) 
i?e© L 



Remark 3.1. Thanks to the choice of the exponential utility, the case where the agents have different subjec- 
tive probability measures, say Pi ^ P2, is also covered. Indeed, if we assume that Pi « P2 and In(^) G L°°, 
we can reduce the analysis to the case of two agents with the same subjective measure, say P2, by adding 
71 In(^) to first agent's random endowment. 

3.2. A preference relation and a notion of acceptability. The indirect utility u^{-\£) induces a pref- 
erence relation ^-y^e, on L°°(jF); for -61,-62 £ L°°(jr), we set 

Bi <^,e B2 if u^{Bi\£) < u^{B2\£). 

In words, the payoff -62 is preferable to the payoff -61 for the agent with random endowment £ and risk 
aversion coefficient 7, if the total payoff £ + B2 yields more indirect utility than the payoff £ + Bi. 

The set of all payoffs B G such that B is called the {j,£)- acceptance set, and we denote it 

by A^{£). Equivalently, we have 

< 

(3.3) 



Ay{£) = |b G 1L°°{T) : supE[-exp(-7((i?- 5)j, + £•)) 

<supe[ - cxp(-7 ((1? ■ S)j, + £ + B))] ]. 
Closely related to the relation ^'y^g is its strict version -<-y,f defined by 

-61 -<^x B2 ff u^iBi\£) < u^{B2\£), Bi,B2 G 

The strict {j,£)- acceptance set A°{£), is defined by A°{£) = {-6 G L°° : Uj{0\£) < Uj{B\£)}, and the 
representation analogous to (|3.3p (with < replaced by <) holds. 
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It is a consequence of the choice of the exponential utihty function that the addition of any constant 
initial wealth a; e M to random endowment S does not influence the acceptance sets A^{S) and A'^{£). More 
generally, we have the following simple proposition, the proof of which is standard. We remind the reader 
that a set A is called monotone ii B > C, a.s. and C ^ A imply B ^ A. 

Proposition 3.2. For every £ G and 7 G (0, 00), the sets A-yiS) and A°{£) are convex, monotone and 
(3.4) £1 - £2 implies Aji£i) = Ay{£2) and A°{£i) = A°i£2) 

3.3. Conditional indifference prices. The acceptance set A.y{£) can be used to introduce the notion of 
a conditional indifference price. The conditional writer's indifference price v^"^^ {B]j\£) of the contingent 
claim B e L°°(J^) is defined by 



(3.5) 



i^'''"\B;-/\£) = M{peR : p - B e A.y{£)} . 



i.e., i/^™-* (B; 7|iS) is the minimmn amount that the agent with preference relation di-y.s will be willing to sell 
the claim with payoff B for. Similarly, the conditional buyer's indifference price h'^''\B;^\£) is defined by 



(3.6) 



{B;-f\£) ==:sup{pGM : B - p e A^i£)} . 



i.e., i^'''' (-B; 7|f ) is the maximum amount that the agent with preference relation ^'y,£ will offer for a con- 
tingent claim with payoff B. 

In the special case where £ ^ 0, the corresponding prices are called unconditional indifference prices 
(or, simply, indifference prices) and are denoted by jy^'"' {B;j) and v^''^ {B]j). A compendium of relevant 
properties of both conditional and unconditional indifference prices is given in Appendix 

Th e notion of the indifference price has been studied by m any authors (see, among others. iHodges and Neubergei 



|l989l ). iRouge and El Karouil |2000[ ) |Hendersonl 12002) and lMusiela and Zariphopouloul (l2004h\. The defini 



( 200lh for genera l 



tion of the conditional in difference price under exponential utility was given in iBecherer 
semimartingale model, in lMusiela and Zariphopouloul (|2005l ) for a binomial case model and in lStoikovl (|2006r ) 
for a diffusion model (where the price is called relative ind ifference price). A discuss ion of the conditional 
indifference price under general utility functions is given in lOwen and Zitkovid (j2006l ). 

3.4. Agreement. The present paper deals with the interaction between two financial agents, with risk 
aversion coefficients 71 and 72 and random endowments £i,£2 G L°°(J-'). 

Definition 3.3. A contingent claim B G L,°°{!F) is said to be 

(1) mutually agreeable if there exists a number p G M such that p — B ^ A-y-^ {£1) and B — p ^ A-y^ {£2)- 

(2) strictly mutually agreeable if there exists a number p G M such that p — B E A°^{£i) and B — p d 
A°,{£2). 

If a claim B is (strictly) mutually agreeable, the set of all p G M such that the conditions in (1) (or (2) in 
the strict case) above hold is called the set of (strictly) mutually agreeable prices for B. 
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A discussion related to our notion of mutually agreeability is given in lJouini et al.l (|2006[ ). subsection 3.6, 
for cash invariant monetary utility functions, but without the presence of a financial market. 

Using the conditional writer's and buyer's indifference prices, v^^^-; 71 \£i) and i/^*"^ (•; 72 1^2) defined above, 
we can give a simple characterization of the set of mutually-agreeable prices. 

Proposition 3.4. A claim B G L°^(.F) is mutually agreeable if and only if 

(3.7) ,^^^\B;j,\£i) <i^^'\B; j2\£2). 

In that case, the set of mutually- agreeable prices for B is given by 

[z.('")(i?;7i|5i),j.('')(i?;72|£2)]. 

Remark 3.5. 

(1) A version of Proposition [3^ for strict mutually-agreeable prices with strict inequality in ()3.7|) and the 
interval [i^^"'' (S; 71 j^i), i/'''' (B; 72 152)] replaced by its interior (!^("')(B;7i|£:i), i^(^)(B;72|£2)) holds. 

(2) For a contingent claim B G h°°{T) \ TZ°° , each ( strictly) mutually a g reeab le price p oi B satisfies 
p G (infQgTvj^ £"^[5], supQg^^ E''2[i?]) (see, e.g.. lOwen and Zitkovid (j2006h . Proposition 7.2) i.e., 
every mutually agreeable price is an arbitrage- free price. Trivially, every claim B G 7^°° is mutually 
agreeable and the mutually agreeable price is unique and equal to the unique arbitrage-free price. 

3.5. The set of all mutually agreeable claims. It will be important in the sequel to introduce separate 
notation for the set of all (strictly) mutually agreeable claims: 

Q = {B G L°° : B is mutually agreeable} , and, 

G° = {B e : B is strictly mutually agreeable} . 

We remind the reader that TZ°° is the set of all replicable claims in L°°(jF). 

Proposition 3.6. 

(1) G is convex and cr(L°°,L^) -closed. 

(2) g n i-g) = TZ^, g° n {-g°) = 0, 

(3) g^lf" if and only if 71°° =h°°. 
Proof. 

(!) The convexity of g follows from the convexity of z^*^™-* (•; 71 |£i) and concavity of i'*-^^(-; 72|i^^2) (see 
Proposition IA.2p . As for the closcdness, it will be enough to note that z/^™-' (•; 71 |£i) : h°° R 
is lower semi-continuous and i^'''-'(-; 721^^2) '■ ^ R is upper semi-continuous with respect to the 



weak-* topology (t(L°°,L^) (sec Corollary |A3| . 
(2) Trivially, 11°° C g n {-g). For a claim B e g n (-0), there exists p,p e R such that p ~ B G 
AfiiSi) and B — p e ^^2(^2) , as well a,s p + B G A^^{£i) and —B — p G (£2)- It follows, by 
convexity of A-y^ (£1) that j{P + P) = \{p^ B +p + B) G A-y^ (fi), i.e., u^^ (0|5i) < il^^ {^^{p + p)\£i) ■ 
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The strict monotonicity of the value-function u-y-^{.\£i) for deterministic arguments imphes that 
^{p + p) > 0. Applying the same line of reasoning to Aj2i£2) a-nd the value function w^2(.|i?2)j 
we get that -~^{p + p) > 0, and, consequently, p ~ —p. Using the definitions (|3.5p and (|3.6p of 
the conditional indifference prices we easily get that j/'^''' (i?; 71 > p > i'^'^\B;ji\£i), which, 
according to Corollary 13. 9[ implies that B G 7?.°°. 

To prove the second claim, it suffices to note that Q° n 71°° ~ 0. Indeed, i^^™^(i?;7i|£'i) = 
i/W(S;72|£2) = E^[B] for B e n°° and aU Q e Ma- 
(3) If g = L°° then C ^ n (-0) so L°° = 7^°°, by (2) above. Conversely, if = 71°° then 

L°=' = 6; n (-5) c g. 

□ 

Remark 3.7. The weak-* topology o'(L°°,L^) in Proposition 13.61 can be replaced by an even weaker one, 
namely the coarsest topology r on h°° which makes the expectation mappings E^[-] : L°° — > M continuous 
for each Q € Mej- 

3.6. No agreement without random endowments. The following, at first glance surprising, result 
states that mere difference in risk-aversion is not enough for two exponential agents to agree on a price of 
any contingent claim. Qualitatively different random endowments are needed. 

Proposition 3.8 (Non-agreement with replicable random endowments). Suppose that £1 ^ £2 0. Then 
g = 7i°° and g° = 0. 

Proof. The limiting relationships in (jA.IOp and the monotonicity properties of the indifference prices (see 
Proposition I A. f f]l imply that 

(3.8) i^("')(B;7i|£i) = (B;7i) > E^^"" [B] > i.^ (S;72) = i.('')(S;72|^2), VB e L°°. 

Therefore, the strict inequality v^"^^ {B;^i\£i) < ly'-'^^ {B;^2\£2) - needed for the strong agreement - cannot 
hold. Consequently, g° = 0. 

li B eg, jnH) implies that iy'^'"^B;-/i\£i) = {B;ji) = E^"" [B] = lim^_,o i^^"'^ iB;i)- Therefore, the 
function 7 t—> i/^*^') [B]^) can not be strictly increasing on (0, 00), so, by Proposition lA.lTj we must have 
B en°°. Hence, g C7Z°°, and part (2) of Proposition EH implies that g ^7Z°°. □ 

Our following result, Corollarv l3.9[ follows directly from Proposition 13 .81 and the fact that the conditional 
indifference price becomes unconditional if the measure P is changed to P_-y£ (see Proposition lA.II and the 
discussion at the beginning of subsection [A]2| . 

Corollary 3.9. Suppose that £1 ^ £2- Then for every 7 > and B G L°°, we have 

v''^"\B--i\£i) > v^^\B]-i\£2) for B ^ 7^°°, 
v^'"'^ {B; j\£i) = {B; ^{£2) otherwise. 
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3.7. Agreement with random endowments. Proposition 13.81 states tliat the absence of random endow- 
ments is a sufficient condition for the lack of (strict) agreement. Is it also necessary? Given the result 
of Proposition 13.41 the question of the existence of non-replicable mutually agreeable claims leads to the 
following optimization problem with value function S : (0, cxo)^ x (L°°)^ [0, +oo], where 



(3.9) 



E(7i,72,fi,f2) = sup {v'-''\B]-f2\£2) 



It follows directly from the Definition 13.31 of the set Q that the following result holds: 

Proposition 3.10. For £1,82 £ L°°, 71,72 G (0, 00) and S = 2(71, 72, fi, £^2), the following two statements 
are equivalent 

(a) g° 7^ 0, and 

(b) E > 0. 

Remark 3.11. The optimization problem above permits an interpretation in terms of the so-called optimal 
risk-sharing problem. In case where the agents do not have access to a financial m arket, this problem 
has recentl y been addre s sed b y many authors (see, e.g.. iBarrieu a n d El Karoui ( 2004) for the exponential 
utility case, 



Jouini et al 



(|2006l ) for monetary utility functionals and lBarrieu and Scandold (|2008l ) for concave 
preference functionals) . When a financial market is present, the problem of optim al risk sharing when both 
agents have exponential utility has been studied in iBarrieu and El Karouil (|2005r ). where the authors focus 
on the form of the optimal structure. 

Before we proceed, we need to define several terms. 

Definition 3.12. 

(1) The sum £ = £1 + £2 oi the random endowments of the agents is called the aggregate endowment. 

(2) A pair {Bi, B2) in {L,°°Y is called an allocation, while an allocation (_Bi, B2) such that Bi + B2 = £ 
is called a feasible allocation; the set of all feasible allocations will be denoted by F{£) 

(3) For an allocation {Bi,B2), the sum i^'^^ (_Bi;7i) -I- i/'-''^ (S2;72), denoted by a{Bi,B2): is called the 
score of (_Bi, B2). The difference cr(i?i, B2) — cr{£i, £2) is called the excess score (where, for simplicity, 
the parameters 71 and 72 are omitted from the notation). 

By (jA.Sp . the expression v'^^\B]^2\£2) — v'--^\B;^i\£i) appearing in (|3.9p above can be rewritten as 
(3.10) 

y^'^ (B; 72 \£2) - y^""^ (S; 71 l^i) = ^^'^ (B; 72 1^:2) + ^^^"^ (-S; 71 l^i) = [^'^'^ (B + ^2; 72) - ^'^'^ (£2; 72)) 

+ (i.(^) (_B + fi;7i) i£i-ni)) = a{£i - B,£2 + B) ~ a{£i,£2). 

So that 

E(7i,72,fi,£:2) =sup{a(Bi,B2) : (Bi, B2) G F(£:)} - ^(fi, fa). 
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In words, S is the maximized the excess score. If we think of the aggregate endowment £ as the total wealth 
of our two-agent economy, the solution of (|3.9p (if it exists) will provide a redistribution of wealth so as to 
maximize the (improvement in) the score. Even though there is no direct economic reason why the sum of 
individual indifference prices should be maximized, Proposition 13.131 - which is a mere restatement of the 
discussion above - explains why the score is a useful concept. 

Proposition 3.13. For each B e L°°, the following two statements are equivalent: 

(1) B eg°, and 

(2) a{£i-B,£2+B)>a(Ei,£2)- 



The following proposition (compare to Theorem 2.3 in iBarrieu and El Karouil (j2005f )) characterizes the 
score-optimal allocation. 

Proposition 3.14. For any £i,£2 G and 71,72 > there exists B* e L°° such that 

<j{£i~B*,£2 + B*) >a{BuB2), for all {B^, B2) G F{£). 
Moreover, B* is unique up to replicability and 

^* _ 71^1 - 72^2 

71 + 72 

Proof. By p.lO[) . it sufhces to show that 

(3.11) {-B* - £2: 72) + J^^"^ (B* -£i;ii)< v^""^ i-B - ^2; 72) + t^^"^ {B - £1; 71) 

for all B e L°°, which is, in turn, a consequence of Lemma [A. 71 Indeed, it states that 

{B - 5i; 71) + i.^-) i-B - £2; 72) > >y^'"^ {~£i - £2; 7) , 

with equality if and only if 

:^{B-£^)^fi-B-£2), i.e.,B 



- 72^2 



71 + 72 



□ 



Corollary 3.15. The following statements are equivalent: 

(1) e° = 0, 

(2) B* = '^'^^l+'^^f' is replicable, and 

(3) ^fl~f2. 

Remark 3.16. We can relate the existence of mutually agreeable non- replicable claims with the well-known 
notion of Fareto optimality. More precisely, an allocation {Bi,B2) £ F{£) is called Parcto optimal if 
${Ci,C2) G F{£) s.t. d^^^^s^ C^ for i = 1,2 and B, ^^^^s, C^ for at least one i = 1,2. It follows 
from CoroUarv 13.151 that the condition '7^£i £2-, implies that the allocation (£i,£2) is the unic^uc (up to 
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replicability) Pareto optimal one. If ■t^Si 9^ £2, a transaction involving the optimal elaim B* will lead to a 
Pareto optimal allocation. 



4. Residual risk and an approximation of the indifference price 

4.1. Agreement a nd the residual risk process. T he notion of residual risk for the indiff erence price valu- 
ation was defined in 



Musiela and Zariphopouloul (l2004fl for the setting of our Exam ple l4.5l , in lStoikov and Zariphopoulou 



(|2006l ) for the stochastic volatility model and in lMusiela and Zariphopouloul (|2006[ ) for a binomial-typc model. 
This notion can be used to give a characterization of contingent claims in Q (see Propositions 14.21 and 14.41 
below) . Before we state this characterization, we give a short introduction to residual risk in a static setting 
(see Appendix IbI for definitions and some properties in the dynamic setting). 

4.1.1. Residual risk in a static setting. Let 7 > be a risk-aversion coefficient, and let B G L°° be a contin- 
gent claim. It can be shown that the optimization problem with the value function Uy(x\B — v'^'^'^ (B;^)), 
introduced in (13.11) a dmits an essentially unique r naximizer i?*-^-* g (see The orem IA.3I in Appendix A, 



Delbaen et al 



(2003), page 105, Theorem 2.2 and iKabanov and Strickeil (|2002f) . page 127, Theorem 2.1). 
The corresponding wealth process 



X. 



(B) ^ ^{w) 







can be interpreted as the optimal risk- monitoring strategy for the writer of the claim B, compensated by 
(B;7) at the initial time. The hedging error 

(4.1) R^'"\B;-i) ^ B - x!^^ 

is called the (writer's) residual risk. R'^'^'\B\"f) can be interpreted as the risk "left in _B" after the optimal 
hedging has been performed. Note that R^^'>{B;^) = 0, a.s., for all replicable claims B e L°°. In the 
conditional case, an analogous discussion and the decomposition formula (see (|A.8[) ) 

(S; -f\£) = i.^"-) {B - 7) - v^""^ {-£; 7) , 

allow us to define the conditional residual risk R^'^\B;^\S) by 

R^'"\B;j\£) = r'-^Hb -S;-f)- R'''"\~ 

and obtain the following decomposition 

(4.2) B ^i^^'"^B;j\£)+ [ -dl^^^USt + R'-'"\B;j\£) 

Jq 



where i9 



B\£) 



{B-£) 



■df , t G [0,T]. The process (i9j ' )tg[o.T]> as well as the decomposition 
()4.2p . could have been derived equivalcntly using the optimization problems used to define the conditional 
indifference prices. All of the above concepts have natural analogues when seen from the buyer's side. 
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Namely, we define the (buyer's) residual risk by R^^\B\-f) = R^'^\-B]-f) and by R^^\B\-i\£) = R^^\B + 
£; 7) — ; 7) in the conditional case. 



Remark 4.1. Using decomposition (|4.2p and the Proposition lA. 21 we observe that 

i/W(i?("')(B;7|£);7|£) :=i^('')(B;7|5) -i^("')(B;7|5). 
Hence, the agreement condition ()3.7p can also be written as 

In particular, v^^\R'~'"\B]-f\E);-i\£) < for all £ e TZ°° , and B G L°° \ 7l°°. We also note that 
i,{''^)(R(^-)(B;-/\£);-f\£) = 0, for aU £,B e L°°. 

The following proposition gives a characterization of mutually agreeable contingent claims in terms of 
their residual risk. 

Proposition 4.2. For B G L°°, the following statements are equivalent: 

(1) B G g, 

(2) t/ie inequality 



(4.3) 



i?(^")(i?;7i|^i) 



i?<''HB;72|^2) 



> 



holds for some Q G Mej - 
(3) t/ie inequality 



(4.4) 



i?("')(B-fi;7i)-i?^"'n-^i;7i) 



i?W(_5„£2;72) -i?^'"'n-^2;72) 



> 



holds for some Q G Mej- 

(4) i/ie inequality (|4.3[) /loMs /or a// Q G A4e,/. 

(5) t/ie inequality ()4.4|) /loWs /or a^/ Q G A^ej- 

Proof. It suffices to make the following two observations 

(a) thanks to the definition (|4.ip of residual risk, the differences v^'^\B;^i\£i) — _R*^™^(i?;7i|5i) and 

(B; 72 1^2) - R^^\B;-f2\£2) are both of the form '&t dSt with i9 G 0, and 

(b) the following equality holds 

{B; 71 |f 1) - i?^'^ (B; 72 1^:2) = R^""^ (i? - f 1 ; 71) - i?(^"H-^:i ; 71) 

4-i?('^)(-S-£2;72)-i?'"'n"^2;72). □ 

Remark 4.3. It should be pointed out that it is enough to check the above inequalities just for some probability 
measure in Ade.f- Also, it follows from the definition of the residual risk that the inequality (|4.ip implies 
that the transaction of claim B at any price p will decrease the sum of expected residual risks. If in addition 
p G (z^'"'^(i?;7i|fi),i/''''(i?;72|f2)), each agent's expected residual risk will be decreased. 
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Under the additional mild assumption of left-continuity for the filtration F, we can replace the criterion 
given in Proposition [52] by the following one (see Appendix IB] for the additional notation), which sometimes 
is easier to check. 

Proposition 4.4. Suppose that ¥ is continuous. For B £ L°°, the following two statements are equivalent: 
(1) Beg, and 
(2) 



7iE^ 



i?("')(i3-£i;7i))^-(i?'"''(-£i;7i)/^ 



+ 



-72E'" 



i?('^')(-B + £2;72)\ -(i?^"'H^^2;72) 



> 



Proof. The equivalence follows from Proposition l4.2l and part (2) of Thcorem lB.il which effectively state that 



(i?(^)(B;7))^ = (L(^)(B;7))^ for all t G [0,T], so that i?('")(B;7) - 7))^ 
for any 7 > and B e h°° . 



is a 



■martingale, 

□ 



Example 4.5. This example is set in an in complete financia l market similar to the one considered in 



Musiela and Zariphopouloul (|2004f ) (see, also, iHendersonI (|2002l )). The market consists of one risky asset 



S ~ ('S'Otgfo T] ''^itti dynamics 



St(fi{t) dt + a{t) dWt 



and an additional (non-traded) factor Y = (5^t)jg[o t] which evolves is a unique strong solution of 

dYt = biYt,t) dt + a{Yt,t) (pdw/^^ + p'dV^f ^) , 
where W'^^^ = (W^/^')te[o,T] and H^^^) ^ (wf ^)t 

6[o,T] are two standard independent Brownian Motions 
defined on a probability space (fi, F, (JT^ ), P). The constant p G ( — 1,1) is the correlation coefficient and 
p' := v/1 We a ssume that the deterministic functi ons p., a : [0, T] ^ R are uniforin l y bou nded {a > 0). 

By Theorem 3 in iMusiela and Zariphopouloul (j2004l ) (in iMusiela and Zariphopouloul (j2004l ) p and a are 
constants, but their arguments carry over to our setting), we have that 

1 



(4.5) 



(i?;7) = 



■In 



7(l-p2) 

for any payoff B G L°°, such that B = giYx) for some bounded Borel function g 
Radon-Nikodym derivative of is given by 



where the 



dF 



exp 



h\t)dt + 



X{t)dWt 



(1) 



and X{t) ^||y is the Sharpe ratio of S. 
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Let us further suppose that £i = (?i(1t) and £2 = .92(i^T) for some Borel bounded functions gi and 92- 
Proposition Em and representation (14. 5p imply that that B ~ giYx) G 5 if and only if 



EQ(0) 



where B (1 - p^)^ ^nd £, = {1 - p'^)£,, i^l,2. 

As we have seen, j/^"") (S;7i) > i/C') (B;72), VS 9^ 0. It is easy to verify that iy'-'"'>{B;'yi\£i) < {B;ji) 
if and only if Cov"^* \£i,B) > 0, where Cov*^' (., .) is the covariance under the measure Q^'^\ This means 
that the presence of random endowment which is positively correlated with the claim payoff, reduces the 
writer's indifference price. Similarly, i^'-''^B;-/2\£2) > i^^^' (^;72) if and only if Cov^ (^2,S) < 0. Therefore, 
we infer that a necessary condition for a claim B to be mutually agreeable is that Cov''^' \£i,B) > or 
CovQ'"'(£2,S) <0. 

4.2. An asymptotic approximation of indifference prices. When the size of the claim whose price 
is negotiated is small compared to the sizes of agent's contingent claims (and this is typically the case in 
practice), one can use a Taylor- type expansion of the indifference price around 0, and obtain more precise 
quantitative answers to the agreement question. More precisely, we assume that claim under consideration 
has the form cc • B for a some vector B = {Bi, . . . , Bn) in (L°°)", where a G M" should be interpreted as a 
small parameter. We start with a single agent's point of view and present an approximation result for the 
indifference price j/'^"'^(a • B;^\£) of a ■ B, where £ G L°° and 7 > 0. To alleviate the notation, we shorten 
i/('")(a • B;-f\£) to w(a), for a G M". 



A straightforward extension of Theorem 5.1 on page 590 in lllhan et al.l (|2005l ). where we use the fact that 
the conditional indifference prices are just the conditional ones under a changed measure, yields the following 
result: 

Proposition 4.6. The function w is continuously differentiable on R" with 

Vwia) = eQ'^-^"-^'' [B] = (eQ'^°"-^'' [B,], E^'^""' [B,,]) , a G M". 

The concept of minimized variance, defined below, is important for the study of second derivatives of the 
function w. 

Definition 4.7. Let Q G Aie be an arbitrary martingale measure. 

(1) For B G L°° we define the projected variance A'^{B) of B under Q as : 

(4.6) A^(B)= inf EQ[(S-EQ[B]-(i?-S)t)^] , 

where, @q = {1? G L{S) : (1? • S) is square integrable martingale under Q}, so that P| 0q C 0. 
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(2) For Bi,B2 G L°° we define the projected covariance 



i?l,i?2)-^(A^(Sl+S2)- 



Bi^B-z) of Bi and B2 by polarization: 
Bi)-AQ(i?2)). 



(3) For a vector B = {Bi, . . . , B„) G (L"^)" and a probability measure Q e Aie, we define the 
projected variance-covariance matrix ^^(B) by 



Bi.Bj), ij = 1, . 



.,n. 



Remark 4.8. 

(1) The projected variance A^(i?) is the square of the L^((Q)-norm of the projection P^{B) of the 
random variable B G L°° C onto the closed subspace R © • S)t : i9 e 0q} of L2(Q) 

(the closeness of {(1? • S)t : 1^ & ®q} in L^(Q) is an immediate consequence of the L^(d[S])-L^((Q)) 
isometry of stochastic integration). It follows that the projected covariance A^{Bi, B2) can be 
represented as 

AQ(Bi,B2) =E«[pQ(Bi)P«(B2)]. 
In particular, A''^(-, •) is a bilinear functional on L°° x L°° and the following equality holds 



(4.7) 



AQ(a B)^a- AQ(B)a = ^^^%{B)a,, 

»,i=i 



for aU Q e Me, B e (L°°)" and a (ai, . . . , a„) e R". 
(2) Details on the n otion of the projected variance, w hi ch is closely relat ed to mean-variance hedging. 



can be found in 



FoUmer and SondermannI l|l986r ) or ISchweizerl (|200ll ) . Note that the existence of 



the minimizer in the Definition 14.71 for bounded claims can be established using Kunita-Watanabe 
decomposition of the uniformly integrable Q-martingale (5t)tG[oT] d efined as Bt = ¥fi\B\J^t]. For 
details on the Kunita-Watanabe decomposition we refer the reader to lAnsel and Stricken (|l993h . 

We remind the reader that a filtration F = {J-t)fe[a.T] is said to be left- continuous if J-t ~ <7{Us<tJ's), for 
all t e (0,T]. 

Lemma 4.9. Suppose that n = 1 and that the filtration F is left- continuous. Then for B,£ G L°°, the 
function it; : R — > R zs twice differentiahle at any a G M and its second derivative is given by 



(4.8) 



w"{a) = 7Z 



(B). 



Proof. Without loss of generality we may suppose that £ ~ - otherwise, we just work under the measure 
P--y£. Let us focus on the case a = 0, where first derivative w'{0) is equal to E^^*"' [_B] by Proposition 14.61 
so a simple translation by a constant (under which A is clearly invariant) allows us to assume, in addition, 
that E''^'"' [B] ~ 0. It will be enough, therefore, to show that 



lim 
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By the sign invariance of A(-) and the scaling property (jA.Sp of the indifference prices, it suffices to consider 
only a > 0, i.e., it is enough to establish that 



(4.9) 



lim 

a\0 



A'^" (B) 







Theorem IB.ll and the definition of the residual risk in Appendix |B] state that 

a Z i 

where a7))t£[o^T] is as in Theorem IrTI The BMO-convergence of the processes (Lj™^ (S; a7))tg[o,T] 



from the same theorem, implies, in particular, the L^((Q('^')-convergence of their terminal values, i.e., 

4"^(-B;a7) ^ 4"''(S;0) in L2(Q(")). 
Therefore, it remains to prove that 



(B), Vi?e 



Thanks to the final part of Theorem lB.il i'™' (_B; 0) is strongly orthogonal to any process of the form (i9 ■ S) , 



for i9 G 00(0)- particular, for i9 £ ©oco) ^-^id i9 as in Thcorem lB.il we have 



B - (i9 • S)t = {(^'"' - 1?) • S)^ + L^:^\b- 0), 



so that 



Consequently, the minimum in the definition of 1\^'"\B\ is attained at i? = i9 so that A\B) 



,(0). 



\B\ 0) ], which is the equality we set out to prove. 



For a ^ 0, we may again suppose that w' {a) = ¥P '' [B] = 0. Hence, it is enough to show that 
lime^o ^"(°+^^^-'"(") = :lA^^'""'\b). For this, we note that w{a + e) - w{a) = w("')(£B| - aB;j) i.e., we 
can rewrite the second derivative at some a 7^ as the second derivative at a = with random endowment. 
This observation finishes the proof. □ 

The case n > 1 is covered by the following lemma. 
Lemma 4.10. For a,d e M", JB = (Bi, . . . , B„) e (L°°)" and £ € L°°, we have 



(4.10) 



^. w{a + eS) — w{a.) — eWw{a) ■ S ^ 

e^O £2 2 



1,3 = 1 



Proof. We can assume that a = (0, . . . , 0) by absorbing the term a ■ B into the random endowment £. 
The left-hand side of ()4.10p can now be understood as the second derivative at of the function w : M ^ M 
given by 

w{e) = iy'-'"\eS-B;-f\£). 
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We can finish the proof by employing Lemma 14.91 and using the equality (|4.7p with Q = '•'^^ and S 
substituted for a. □ 

With the above results in our toolbox, we can give a second order directional Taylor-type approximation 
of the indifference price. 

Proposition 4.11. Choose B E (L°°)", a £ R", 7 > and £ E L°°, and assume that the filtration F 
is left- continuous. With the notions of projected variance and covariance as in Definition \4.7\ we have the 
following equality 

(4.11) (£a . B; j\£) = ea ■ EQ'~"" [B] + • aQ*"""' {B)a + o{e^), as e ^ 0. 

Although the asymptotic expansion (j4.11|) in Proposition 14.111 above is important in its own right, its 
main application is the following criterion for mutual agreement for a small quantity of a given contingent 
claim. 

Proposition 4.12. Suppose that ¥ is left- continuous and that the random endowments £i,£2 £ and 
risk-aversion coefficients ji, "f2 > are chosen. Let B G be a given contingent claim. The set Q° contains 
a segment of the form 

{aB : a £ (0,ao)} for some aa > if and only ifE^'""^'\B] < E^*^^'^'' [B], 

and similarly, the set Q° contains a segment of the form 

{aB : a G (-ao,0)} for some ao > if and only , E^'^^'""'' [B] > E^'"'^'"''' [B]. 

Proof. We first note that the convexity of Q° implies that if 3 ao > such that a^B G Q° , then aB G tj, Va G 
[0,ao]. By equation (jilTll . i^f""' (aS; 71 l^i) = aE^'-""''\B] + o{a) and i^^''\a B;-f 2\£2) = aE'^'^'"''' [B] + 
o{a). Hence, the inequality E^^* "'^'^^'[B] < E*^* ^^^^'[_B] yields that there exists ao > small enough such 
that i^("')(aoS;7i|£i) < iy^''\aoB;-f2\£2), i.e., agB G 5°. 

On the other hand, suppose that there exists ao > such that aoB G G° and assume that E'^' [B] > 
jgQ(-T2£2)j^j^ jt is easy to check that AQ*"^'""'' (B) > for i ^ 1,2 (since B ^ 71°°) and that by ([iTT]) and 
its buyer's version, we get 

aEQ'-^^'^'[i?] + ^aQ<-^^'^'(B) < aE^'^^^'^'iB] - ^ A^'-^^'^\b) ^ o{a') 

for every a close to zero such that < a < ao (note that thanks to the linearity of 0q, we have A^{B) = 
AQ(-B), MB G L°°). 

This gives that for any such a 

^(7iAQ'-^^^^'(i?) +72A«'"^^'^'(i?)) +o(«^) < 0, 

Dividing through by a^ and letting a ^ 0, we get that 71 A''^' ^^^^'(B) + 72A''2* ^^^^'(iJ) < Q, which is a 
contradiction. The proof of the second argument is similar and hence omitted. □ 
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Remark 4.13. Proposition l4.12l can be used to provide an approximation of the size of the set of the agreement 



prices for smaU number of units. More precisely, if 
(4.12) iy^''\aB;y2\£2) - 'y^'"\aB;-fi\£i) = 



[B] ^ E'C 



-12^2) 



{B\ , it holds that 



^(EQ<--^^' [5] _ ]eQ<--^^' [b]) _ ^(^^ aQ'-^^'^' (B) + 72^ 



-T)(-72^2) , 



■{B)) + o{c?) 

for every a G R close to zero such that aB G Q° . Another application of Proposition 14.121 is given at the 
first part of Remark 15.91 



Kramkov and Sirbu 



A s econd order approximation of the optimal strategy has been recently given in 
(j2006l ) for general utilities defined on the positive real line. For the Example [431 the cor responding approx i- 
mation result is easily obtained for the unconditional case by the formula (|4.5p (see, e.g.. lHendersonl (j2002r )) 
After changing the measure P to P--,.^, it is straightforward to show that 



v^'"\aB--i\E) = aEQ'"'"[B] + ^7(1 - VarQ'"""' (B) + o(a2), VB G L° 
where Var^(i?) denotes the variance of random variable B under the probability measure 



Example 4.14. In the cases where there is no closed- form expression for the indifference price, the approxi- 

mation (14. l ip is rather useful. One of th ese cases is the stoc hastic volatility model studied in lSircar and Zariphopoulou 



(120051 ) and 



Ilhan et al 



approximation results of 



(2004) (see also 



Ilhan et al 



Henderson 



( 20071 )'). Proposition 14.121 is then a generalization of the 



( 20041 ) ■ subsection 4.3. 



5. Partial equilibrium prices 

This section deals with the existence and the uniqueness of a partial equilibrium price of a contingent claim 
in the simplified two-agent economy. The discussion of mutual agreeability in previous sections assumed that 
the number of units is fixed and the claim is indivisible. If, however, the negotiation between agents involves 
the quantity traded as well as the price, and if this quantity is not constrained by quantization, a great deal 
more can be said about the outcome of the negotiation. The main advantage is that the methodology of 
equilibrium theory can be applied and a unique price-quantity pair singled out on the basis of the fundamental 
economic principle of market clearing. 

5.1. The partial equilibrium. A vector B ~ {Bi, . . . ,i?„) G (L°°)" of contingent claims is chosen and 
kept constant throughout this section. The extended set R U {±00} of real numbers is denoted by R. 

It will be notationally convenient to define the "restrictions" Ui : R'' x R" ^ R, i G {1,2} of the value 
functions u^^{-\£i) and m^2(-|i?2) (see p.ip ) by 

{u^.(a-(B ~p)\£,), ckgR", 
iG{l,2}, PGR". 
limsupQ,,^Q^,g][j„ (7,(a';p), aGR \R", 
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i.e., Ui{-;p) is the extension of the continuous function Ui{-;p) 



to R by upper semi-continuity and gives 



the indirect utiHty of agent i when she holds a units of B, purchased at price p. 

Definition 5.1. The demand correspondence Zi : R" 2^^ , for the agent i £ {1,2}, is defined by 

(5.2) Z,{p) = argmax |j7i(a,p) : a e 1"| , p e R". 

Intuitively, the elements of Zi(p) give the numbers of units of B that agent i is willing to purchase at 
price p (the numbers of units that maximize her indirect utility). Using the above notation and definition, 
we are ready to introduce the central concept of the section: 

Definition 5.2. A pair (p, a) £ R" x R" is called a partial- equilibrium price- quantity (PEPQ) if 

(5.3) a. e Zi{p) and a. e Z2{p). 

A vector p £ R" for which there exists ct G M" such that (p, ex) is a PEPQ is called a partial- equilibrium 
price (PEP). 

In other words, the PEP is the price-vector of the contingent claim B at which the quantity that one 
agent is willing to sell is equal to the quantity which the other agent is wants to buy. 

When there exists a E M'" such that the contingent claim cy. ■ B is replicablc, any PEP p must have the 
property that a ■ p = pna, where pna is the replication price oi ol ■ B; this will hold no matter what the 
characteristics of the agents are. It is, therefore, only reasonable to assume that such claims do not enter 
the negotiation, i.e., we enforce the following assumption for the remainder of the section: 

Assumption 5.3. There exists no a G R" \ {0} such that a. ■ B ^ {). 

5.2. Properties of the demand functions. Let c R" be the set of all arbitrage-free price-vectors 

of the contingent claims B, i.e., 

^NA ^ |]eQ[_b] . Q g yy^J ^ 

where, as usual, ¥!^[B] = (E^[Bi], . . . ,¥!^[Bn]) e W\ To simplify the notation in the sequel, we introduce 
two n-dimensional families of measures in A^e, parametrized hy a £ R": 

q(«) ^ q(7.«.b-7.£0^ q, £ i = 1,2. 

As we will see below (see Proposition [52]), when we are looking for partial equilibrium prices, we can restrict 
ourselves to the sets 

pU ^ |]eq|°> [_g] . Q, g ^ fori = 1, 2. 



In general, "Pf C "P^^, for i = 1,2. The equahty holds when Si (see lllhan et all (|2005l ). Lemma 7.1). 



For future use, we define the function Ui : M" ^ M by it,;(p) = sup {Ui{cx.;p)}, for i G {1,2}. Building on 

aeK" 



22 



the notation of Section 21 we also introduce the foUowing two shorthands: 

(5.4) } a eM", i e {1,2}. 

6,(a) = i.W(a.B;7,|£:,) J 

Lemma 5.4. For i = 1,2, Wi is strictly convex and hi is strictly concave. 

Proof. A change of measure argument (where we replace P by P_-y.£. ) can be employed to justify no loss of 
generality if we assume that 5j = in this proof. The fact that Wi{-) is convex follows from the convexity of 
the indifference price. In order to establish that the convexity is, in fact, strict, we assume, to the contrary, 
that there exist ai, a.2 £ I^" with a.i ^ 0.2 and A e (0, 1) such that 

Wi{\a.i + (1 - X)oL2) = Xwi{<y.i) + (1 - \)wi{ct.2). 

Equivalently, we have 

v^^^ ((Aai + (1 - A)a2) • B;7.) = ^^""^ (A^i • 2i) + ((1 - \)ol2 ■ B; ^ 
Since (x)~^ + (l^)^^ ^ can use Lemma ^7] to conclude that 

Oil ■ B ^ cy.2 ■ B, i.e. a • B ~ 0, where a = ai — 0:2 7^ G M", 



a contradiction with Assumption 15.31 A similar argument can be employed to prove strict concavity of bi, 
iG{l,2}. □ 

Proposition 5.5. For i G {1,2}, the functions Ui{-) and Zi{-) have the following properties 

(1) The maximum in (j5.2p is always attained, i.e. Zi{p) ^ 0, for all p G M". 

(2) For p G M", we have 

(5.5) Zi{p) = argmax„gR„ {;/('') (a • B;^,\Ei) - a p}. 

(3) Either Zi{p) = {a} for some a G M" or Zi C 1" \ M". 

(4) Zi{p) = {ol\ if and only i/E''2»°'[B] = p (in particular, p G V-^). 

Proof. 

(1) It follows for the fact that the function Zi is upper semi-continuous on the compact space R". 

(2) It suffices to observe that p.6p implies that 

(5 6) "ib) = -exp{-7j sup (zy''')(a • B;^^\£i) - a-p)} ■ {- u^^{0\£i)), for aU p G M". 

(3) The set Zi{p) is convex, so if it contains a point in M" and a point in M" \ M", it must contain 
infinitely many points in M". This is in contradiction with the strict concavity of bi on M". 
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(4) Proposition 14.61 states that bi is continuously difFerentiable on M" and that \/bi{a.) ~ E'^i '[-B]. 
Therefore, zy('')(a • B;j,\£,) — a ■ p is a concave and differentiable function of a G M" and its 
derivative is given by E^^* ' [B] — p. Consequently, v^^^a. ■ B; — a. ■ p attains its maximum 

on M" if and only if E^^^ °' [B] = p has a solution a G M". In that case, Zi{p) = {a}. 

□ 

Proposition 5.6. A pair (p, a) is a PEPQ if and only if p G H V2 , a S K" and 

(5.7) E^'^"' [B] = E^2"°' [B] = p. 

Proof. If (p, a) is a PEPQ, then Zi{p) n M" ^ and, so, by Proposition 15.51 part ([3]), we must have 
Zi{p) = {<y.i}, for some G K" and p G T',^', for i = 1,2. By (|5.3p . we have ai = --q:2- The equalities in 
(|5.7|) . with a = CKi follow directly from part ([4]) of Proposition 15.51 

Conversely, suppose that (|5.7p holds. Then, by part ^ of Proposition 15.51 we have Zi{p) — {a} and 
■^2(p) = {^Q^}: which, in turn, implies (|5.3p . □ 

We have also shown the following result which will be used shortly: 

Corollary 5.7. A pair {p, a) G {VY n T'a^) x M" is a Pi;FQ tf and only if 

wi{a.) — 62(0^) < Wi(q:) — 62(0^) for any a G M", and p = Vu;i(q:). 

The main result of this Section is presented in the following Theorem: 

Theorem 5.8. Let £1,82 G L°°, 71,72 > and B G (L°°)" be arbitrary, and suppose that the Assumption 
15.51 is satisfied. Then, there exists a unique partial equilibrium price- quantity {a,p) G M" x R". Moreover, 

pevYnr^. 

Proof. If the PEPQ {cy.,p) exists, then a globally minimizes the strictly concave function wi — 62, so it must 
be unique. To establish existence, it will be enough to solve the equation V/ = 0, where / ~ lui — &2- 
Assume, to the contrary, that \7f{a) ^ 0, for all a. G K". Continuity of / implies that for each m G N there 
exists Q!„i G -Bm = {a G R" : — ™} such that /(a,„) < /(a) for all a. G B^- Thanks to strict 

convexity of / and the fact that V/ ^ on i?„i, we must have ||Q:m||j^ = m, where ||q;||j^ = 'YTi=\ V^-A- 
order to reach a contradiction, it will be enough to show that 

(5.8) liminf > 0. 
Indeed, (|5.8|) would provide the following coercivity condition 

liminf inf (-(^ : a G \ {0} 1 > 0, 



which, in turn, would guarantee existence of a global minimizer olq G M" for / (see Chapter 1 of 
pOOol )). at which V/(ao) = holds. 



Borwein and Lewis 
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The first step in the proof of (|5.8p uses the representation (jA.Sp and the risk-measure properties of 
j^*^ "''(•; 7|i?) to obtain the following: 

liminf = liminf lfi.(^") (a,„ • B - fi; 71) + i^^^'' {~a„, ■ B - ^2; 72) ) 

(5-9) > lim inf -fi.^'^) (a™ • B;7i) - \\£i\\^^ + v^'"^ (-a™ • B;72) - \\£2\\i^^) 

m^ao 771 \ / 

= liW (7.(«') • B; 77171) + 7.('^' • 77172) ) 

Any subsequence of N through which the last limit inferior in (j5.9p above is realized admits a further 
subsequence {mk)ke'N such that the sequence ^q:,„j. converges to some G M" with ||q:o||i = 1; indeed, 
the full sequence (^Q;„i)mgN takes values in the compact set {ct G M" : = 1}. Proposition ! A. 14l implies 

that 



(5.10) 



as fc — > 00. Therefore, 



(-i-aTO^ •B;7iife7i) -> sup ES^lan-B], and 



liminf = sup E^[aQ ■ B] - inf E^[an ■ B]. 

It remains to note that the equality sup^g^^ £"^[0:0 • B] = miq^^^'EPlcxQ ■ B] cannot hold; if it did. 
Assumption 15.31 would be violated. □ 

Remark 5.9. 

(1) When 71 = 1, the proof above can be simplified considerably; one can show that 

lim w[{a) > lim &2(a) and lim w'i{a) < lim &2(a), 

a — ^00 a — >oo a — * — oo a — > — oo 

and deduce the existence of the solution of the equation 'w'i(a) = b'2{a) directly. 

In addition, by Remark [4.13[ we easily get that the quantity a — , ^ o . ' ' i-^„L-) — 

minimizes the second order approximation of the difference 'Wi{a) — 62(a). In view of Corollary 
15.71 we can heuristically consider a as an approximation of the partial equilibrium quantity (PEQ), 
provided that a is close to zero. 

(2) CoroUarv IS . 151 and the discussion preceding it show that when -^£1 ~ £2, the unique PEPQ must be 
of the form (0,p), where p = E'^'"" [B] = E^'^'" ^ [B] for every B which satisfies the Assump- 



tion [5?ol In such cases p should not be interpreted as a price of B, since no transaction actually 
occurs. Furthermore, the strict agreement (in the sense of Definition 13. Sp can then be reached for 
no contingent claim of the from ot ■ B, a G K". 

Even when ■z^£i ^ £2-, there might exist claims for which the PEPQ is of the form (0,p). In 
fact, PEPQ is of the form (0,p) if and only if E^'"^'^'' [J5] = EQ*""'^'' [B] (see Proposition HH]). 
As an example, consider a claim B which is independent of the the stochastic process S, as well as 
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the two random endowments. The partial equihbrium price is then simply a certainty equivalent 
p = E[B] = EQ*""''"'' [B] - eQ*""'"'' [B]. 

If a vector of claims B satisfies the Assumption 15.31 and its PEPQ is of the form (0,p), then 
z^("')(a • B;ji\£i) - i^^'''>{a ■ -B; 72 1^2) > 0, for every a G R" \ {0}, i.e. a • B ^ ^ for ah a ^ Q. In 
other words, any trade in a nontrivial linear combination a ■ B must make at least one of the agents 
strictly worse off. 

Appendix A. Conditional Indifference Prices 

The subject of this Section is the conditional indifference price and some of its properties. The results 
stated below are not only very useful for our analysis mutually agreeability, they may also be seen as 
interesting in their own right since they describe some of the aspects of indifference evaluation under the 
presence of random endowment. Some new results about the unconditional indifference price (see Lemma 
IA.7[ Propositions lA.lOl lA.llI and IA.14P . as well as several generalizations of existing results in the case of 
the conditional price (see Theorem lA. 3) Propositions IA.5 I and IA.l"3|) are exhibited. 

A.l. First properties. We remind the reader that the writer's and buyer's conditional (relative) indiffer- 



ence prices V 



(w) 



{B;j\£) and i/("')(B; 7|£), for B G L°°, are defined as 



i/("')(B;7|£)=inf{pGK : p- B e A^{£)} , i^^''\B;j\£)^snp{peR : B - p E A^{£)} , 

where A^{£) = {B G L°° : u.y{B\£) > Uj{0\£)}, with the notation introduced on page[7]at the beginning of 
Section [3) Proposition ! A. ll collects some basic properties of the indifference prices and its proof is standard. 

Proposition A.l. 

(1) (B;7|£:) = -iy'^'"^-B;-f\£), for B G L°°. 

(2) When £ G TZ°° (in particular, when £ is constant) i'''^^{-]^\£) and z^'-''-' (•; 7I1?) coincide with their 
unconditional versions v'^^^ z^^''' (st)- 

(3) More generally, we have v^'"\-;-i\£) ^ v'''"'\-;-i\£') and v^^\-]-i\£) = v^^^ {■]-i\£') as soon as £ ^ £' . 

When £ is constant or, more generally, when £ G 7?.°°, z^^™^(-;7|£) and v'^^'^{^-;^\£) are usually denoted by 
yk^) (•;7) and v^^^ (S7)i f-^d s-re called the (writer's and buyer's) unconditional indifference prices. 

A. 2. Conditional indifference prices as convex risk measures. With the notation from subsection 
the conditional indifference price z/^"'^(-; 7|£) can be understood as an uncondition al indifference price 



FoUmer and Schied 



compu ted under the probability measure P_-y£. In particular, using the terminology of 
pOO-f ). Section 4.8, the following statement holds: 

Proposition A. 2. Maps B ^ h'^'^^{—B]^\£) and B ^ —h'^^\B;^\£) are replication-invariant convex risk 
measures on L°°, where replication- invariance refers to the following property 

v^'"\B + {'d ■ S)t; i\£) = v^'"\B;-i\£), for all i9 G 0. 
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Moreover, these measures admit a robus t dual representation, as st ated in the following; theorem , which 



follows from Theorem 2.2 in 



Delbaen et al 



(120021 ) and Theorem 2.1 in lKabanov and Strieker] (|2002r ): 



Theorem A. 3. (Delbaen F., Grandits P., Rheinldnder T., Samperi D., Schweitzer M. and Strieker C, 
2002, Kabanov Y. and Strieker C, 2002) 
For B G L°°, we have 

(A.l) i/W(B;7|^)= sup (EQ(B)-i/i_^£(Q)l, 

where, for C G L°°, we define the map Hq '■ ^ [0, +oo] as 

r 

H(Q|Pc) - |Pc) when Q G A^^, 

+00 otherwise. 

The supremum in (HHP is uniquely attained by the measure (Q)(^'>''^+t^)^ which belongs in M.ej o,nd its 
Radon-Nikodym derivative with respect to F^-yg-^-yB can be written as 



(A.2) 



ke^-^"" 



where 'd^ f£+iB) ^ q f-f^^ maximizer of the control problem associated with the value function U'^{—B\E). 

Corollary A. 4. The maps B ^ v'''^\B;^\E) and B ^ v''^\B]^\E) are, respectively, lower and upper 
semi- continuous with respect to the weak-* topology a(Ju°° 

Proof. It suffices to note that (|A.1[) represents 7|f) as a supremum of (t(L°°, L^)-continuous and linear 

functionals on L°°. □ 



The function /i_-yf (•) in Theorem I A. 3 1 is sometimes called the penalty function for the indifference price 
£), and is c l early convex (strictly convex on its effective domain Aie, /)• It is well known (see, e.g.. 



F511mer and Schiedl (j2004[ ). Lemma 3.29) that the conjugate representation, 



E[AlogA]= sup (E[rA] -logE[e'^]) , 

where we use the convention that xlog(a;) = +oo, for a; < 0, is valid for all A G L^. Using this representation 
and the natural identification of finite measures equivalent to P with their Radon-Nikodym derivatives in 
L^, we can readily establish the following properties of the penalty function h: 



Proposition A.5. For C G L°°, ft-c : 
a(lJ- lower semicontinuous. 



[0, +CX3] is convex (strictly on its effective domain) and 

An immediate corollary of Proposition IA.5I and the Hahn- Banach Theorem in the separation form (see 

( 20061 ). Theorem 2.1) is the fol- 



Fdllmer and Schiedl (j2004l ) for details on convex analysis and 



Jouini et al 



lowing result: 
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Proposition A. 6. The map is the minimal penalty function for v''^\-]^\E), i.e. 

h-j£{Q)<h{Q), for allQeMa, 

whenever the function h satisfies 

v^'"\B--i\£) ^ sup (¥.Q{B)--h{Q)\, for allB 



Moreover, we have the following, dual, conjugate representation 



-h_^em= sup (eQ[B] -z.("')(B;7|5)) , VQeLi(f7,J^r,l 



A. 3. Some auxiliary results. Using the linearity of the set Q of the ad missible trading strategies and 
the properties of the exponential utility, one can deduce (see iBechereii (|200l[ ). Chapter 1) that the following 
scaling property holds true: 

(A.3) ai/^"') {B- aj) = i^^""' {aB; 7) , for B e L°°, 7, a > 0. 

The following Lemma (which is used several times in the present paper) states that the risk measures induced 
by the indifference price has a certain subadditive property, with true additivity holding only in exceptional 
cases. 

Lemma A. 7. For Bi, i?2 G and 71, 72 > 0, let j > be given f^V ^ = ^ + ^ ■ Then, 

(a) (Bi; 71) + {B2; 72) > 1^^""^ [Bi + B2] 7), and 

(b) the following two conditions are equivalent 

(1) (Bi; 71) + u^^) (B2; 72) = y^""^ {Bi + B2-n), 
(2) 

Proof. 

(a) Using the dual representation (jA.ip . the inequality in (a) above is equivalent to the following in- 
equality 

(A.4) sup fE^[Bi] - — /i(Q)) + sup (£^[52] - — /i(Q)) > sup (^.^[Bi + B2] - \ 

Q£A^a ^ 71 ^ Q£Ma ^ 71 ^ QGA^a ^ 7 

which always holds for elementary reasons. 

(b) (1) =^ (2). If the equality in (1) above holds, then it also holds in (|A.4|) . By strict convexity of the 
function h{-) in this effective domain, i.e. on M.ej: and the scaling property (jA.Sp . this is equivalent 
to equality of dual minimizers 
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By the representation (jA.2[) of the Radon-Nikodym derivatives of the above measures, we get 

(^(3^-i).S), 2XB^ _ ^(H)'^''^' ^^^^1 r/Ot^^i) 



dFjiB dF d¥ 



— 52 

and so ^Bi - = (i9 • S)t + A:, where k = log(A:2) - log(fci) and i? = i?*^-^^) - 

(2) ^ (1). Conversely, suppose that ^Bi - ^B-j = (i9 • S)t + fc, for some fc e R and i? £ 0. 
Using the scahng property (jA.3|) . the cquahty in (1) is equivalent to 

(A.5) -v^^^ f 7) + -^^""^ f^S2; 7) = ^^'■'"^ (Bi + Br,j) 



(A.6) 



71 V7 J 11 \1 J 1 
By the risk equivalence between '^B\ and '^Bi and the replication invariancc we have 

( :^BvA + --(^"^ f ^B,;^) = l.(-) f ^Bi;^') + -^(^^ f ^Bi + ^ + (i9 • S)t;7 
71 V7 7 72 V7 /7i V7 /72 V7 

7 V 7 / 72 



On the other hand, 

(A.7) (Bi + B2; 7) - -J^^"' f Bi + — Bi + ^(fc + (1? • S)t); 7) - -^^^"^ f— -Bi; 7) + -■ 

7 7 V 72 72 / 7 V 7 / 72 

The equality in (|A.5p now follows directly from (|A.6p and (|A.7p . □ 

The conjugacy between (affine transformations of) v^"^^ and h{-), as displayed in Thcorcm lA.SI and 
Proposition I A. 6[ yields directly the following auxiliary result: 

Lemma A. 8. For £,£ L°° , 7 > 0, the following two statements are equivalent 

(1) z^('")(B;7|f) > i/(«')(B;7|£), for all B e h°° , 

(2) h.^siQ) < h_^g{Q), for all Q e Ma- 

We use Lemma IA.8I in the proof of the following proposition: 

Proposition A. 9. For £ G h°° and 7 > 0, the following statements are equivalent: 

(1) (B;7) > z/('")(B;7|f), for all B e L°°, 

(2) z^^*") (B;7) = !/("')(B;7|f), for all B e L°°, 

(3) £ e 7^°°, and 

(4) = 

Proof. (4) => (3) Just like in the proof of implication (1) (2) in Lemma [A. 71 we can use the equation 
(|A.2p in Theorem rO to show that (4) implies (3). 

(3) (2) Follows immediately from statement (3) in Proposition lA.il 
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(2) =^ (1) Clearly, (1) is weaker than (2). 

(1) ^ (4) By Lemma rOl the equality in (2) implies that h_^£{Q) > h{Q), for all Q e Ma, i.e. 

W(Q|P_^£) - 7^(Q(-''^)|P_^,) > W(Q|P) - W(Q(°)|P), VQ e A^a. 
In particular, for Q = we get 

7^(q(-7£)|p) < 7^(q(o)|p). 

Therefore, Q^"'''^) = Q'"', by the strict convexity of the relative entropy 7i(.|P) on its effective domain. □ 

Considered as convex risk measure, the indifference price is not homogeneous. In fact, the homogeneity 
holds only for replicable claims as the following proposition states. 

Proposition A. 10. For B,£ E L°° and 7 > 0, the following statements are equivalent: 

(1) {aB- 7|£:) = az/^'") {B; -f\£), for some a £ M \ {0, 1}, 

(2) B e 7^°°. 

Proof. We assume, for simplicity, that £ = (otherwise, we simply change the underlying probability to 

(2) => (1) If _B e TZ^ , then aB E TZ°° , so (1) follows from the replication-invariance 
(1) => (2) Suppose, first, that (1) holds with a > 0. Then 

sup (E^[B]--h{Q)) = sup (e'2[B]- — 



The two maximized functions are strictly concave, ordered and agree only for Q such that /i(Q) ~ 0. 
Therefore, the equality of their (attained) suprema forces the relation h{Q^'^-^^) = h{Q^°'''^'>) = 0, which, 
in turn, implies that Q^'''-^' = q("7S) _ q(o). We can conclude that B E Ti°° by using the implication 
(4) (3) in Proposition rOl 

It remains to treat the case a < 0. By considering the random variable \a\ B instead of i3, it is clear that 
we can safely assume that a = —1, i.e., i/^™^ {—B;^) = — i^'"'' (B;^). Equivalently, we have 

inf (e'2[B] + i/i(Q) ) = sup (e'^[B]-- 



QeMa \ 1 ) QeMa \ 7 

which, by positivity of h{-), implies that h{Q'^''^'>) — 0. We continue as above to conclude that B E TZ°° . □ 

A. 4. Relationship between condi tional and unconditional indifference prices. It has been observed 
(see Remark 1.3.2 in iBechereii (j200l[ )) that the conditional indifference price can be written as difference of 
two unconditional ones: 

(A.8) i^^"") (B; -i\£) = v^""^ [B - 7) - u'^'"^ {-£■, 7) = v^""^ {B - 5; 7) + ly'-''^ {£; 7) . 

A similar relationship, namely (B; 7) = {B + f ; 7) - z^^*") {£; 7) = i'^''^ {B + £;-f) + v^""^ {-£] 7), holds 
for the buyer's conditional indifference prices. 
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A.5. z^("')(B;7|^^) as a function of 7. It is a known property of the unconditional indifference price that 
the mappings 7 1— > i^'™^ {B; 7) and 7 t— > — jy^''^ [B; 7) arc non-dccrcasing. In fact, wc have the following, more 
precise, statement 

Proposition A. 11. For 7 > and B G L°°, the mapping 7 t-^ v^"'^ {B; 7) ^7 h-> (B; 7) J is 

(1) constant and equal to the value K^[B], constant over Q G A4a, when B E TZ°° , and 

(2) strictly increasing (decreasing), otherwise. 

Proof. We only deal with the writer's price z^'™-* {B; 7). The case of the buyer's price is parallel. 

(1) By the replication invariance of the v^'^'^ (•;7), the value of z^^"") (B;7) equals to the value E'^[B], 
Q e Ma, when B e 7^°°. 

(2) Suppose now that i^'^"'' {B;^i) < i/^™^ {B;^2), for some < 71 < 72. By the dual representation 
(jA.ip . wc have z^'™-' (i?;7i) = i''"'-' {B;^2), and using the scaling property (jA.3|) . wc get 

ai.f'") (S; 72) = z/("') (aS;72), 

where a = 72/71 > 1. By Proposition lA.lOl B e TZ°°. 

□ 

A similar proposition in the conditional case fails. Indeed, here is a simple example. Pick £ ^ Tl°°, and 
set B ~ 8, Then z^*-™^ ; 7|£) = v'^^^ (^5 7) - a strictly decreasing function of 7. An even more instructive 
example in which the dependence of 7 ceases to be monotone at all is given below. 



Example A. 12. Wc adopt the setting of Example 14.51 and assume that the coefficients b and a are chosen 
in such a way that the distribution of the random variable Yt is diffuse (under P. and, therefore, under every 
equivalent martingale measure). Let Q'-'^-' be the minimal-entropy martingale measure and let : R ^ M, i = 
1, 2 be two bounded Borel-measurable functions. We set £ = —giiYx) and B = g2iYT) — giiYr) , and compute 
the conditional indifference price v'^^\B;^\£) as a difference v'^^\B]^\£) = v^"'^ [B — £;j) — ly'-'^^ (—5; 7). 
By the expression (jA.SP and the formula ()4.5p . we have 

z.(«')(i?;7|£) = (52 (Ft); 7) - '^^'"^ {9i{YtYi) 
(A.9) _ 1 

The intervals of monotonicity of the mapping 7 ^ i''^'^\B;^\E) therefore coincide with the intervals of 
monotonicity of the function / : (0, cxd) — > M given by 



InEQ'"' [exp(7(l - p^)gi{YT))] - InE^'"' [exp(7(l - p')g2{YT))]) ■ 



1 



/(7) = ^ ( InE^^'" [XJ] - InE^"" [X, 



where the bounded and positive random variables Xi, are given by Xi — exp((l — p'^)giiYx)), i = 1,2. It 
is clear that, thanks to the assumption of diffusivity of the random variable Yt, any pair of probability 
distributions with compact support in (0, 00) can be chosen for Xi and X2 by the appropriate choice of the 
functions gi and 92- 
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Thanks to the boundcdncss of Xi and X2, we can easily obtain the foUowing asymptotic expansion for 
the function / around 7 = 0: 



/(7) = E«^'"[Xi]-; 

In a similar manner, we have 



[^2] + i7(VarQ(o) [Xi] - VarQ(o) [X2]) + 0(7). 



hm f{j)^\n\\X,\l^-ln\\X2\\^^. 

7— >oo 

Therefore, if Xi and X2 satisfy 

(1) E^i^^lXi] <EQ'°'[X2], and 

(2) VarQ(o)[Xi] < VarQ(o)[X2], 

the function / is strictly decreasing and negative in a neighborhood of 7 = 0. If, in addition 



(3) 1 1^1 1 Ik 



> \\X: 



Delbaen et al 



holds, this trend cannot continue for all 7 since f{+oo) = \n{\\Xi\\^^/\\X2\\^r^) > > E[Xi] — £[^2] = 
/(0+). The straightforward construction of examples of the random variables Xi and X2 having the above 
properties is left to the reader. 

A. 6. Asymptotics of the conditional indifference prices. The asymptotics of the unco nditional indif- 
ferenc e prices in the risk-aversi on param e ter 7 a re well-known (see, for instance, Corollary 5.1 in 
(120021 ) or Proposition 1.3.4 in bechereil pOOlf )): 

lim {B; 7) = E'O"" [B], lim (B; 7) = sup EQ[B], 

(A.10) 

lim (S;7) = E^"" [B], lim {B;-f) = inf E^[B]. 

7^0 7^+00 QeM^j- 

Using the decomposition (|A.8p . these are easily extended to the conditional case: 
Proposition A. 13. For B,£ E h°° , we have 



(A.ll) 



limi/("')(B;7|£) = E'0""[B], lim iy^'"''>{B;-f\£) ^ sup E^[B^£]+ inf E^[£], and 
7^0 7— +00 QeM^j QeMe,/ 

lim (B;7|£-) = EQ""[B], lim i/W(B;7|£:)= inf E^[B ^ £] + sup E^[£l and 

7^0 7-»-|~oo Q&M^j- QeM^j 



One can, further, establish the continuous differentiability of the map 7 1-^ i'^''"^B;'-f\£), for 7 S (0, 00), 
by noting the fact that 



(A.12) 



^-HB;^\£) = i (7(5 - £); 1) - (-7^; 1)) 



Ilhan et al 



( 20051 ) which states that the function 



and using it together with the result of Theorem 5.3 in 
7 H-i- (7C; 1) is continuously differentiable on (0, 00) for C S L°°. 

For n G N, let (L°°)" denote the set of ah 71-tuples B = (Si, . . . , i?„) of elements of L°°, with 11^11^^°^)" 
maxfc<„ ||Bfc||]Loo. For a = (ai, 0:2, . . . , an) & R", we write a B = J2k=i'^kBk G L°° and set |a| 
maxfc<„ lafel. 
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Proposition A.14. For £ e L°° and B e (L°°)", the function w : M 

•B;7|£), 



X (0, oo] 



given by 



(A.13) 



M;(a,7) 



7 < oo 
7 = +00, 

is jointly continuous, and Lipschitz continuous on every subset D of its domain of the form D — [70, 00) xR", 
70 > 0. 

Proof. The functional B 1-^ i/('")(_B; 7|£) is positive and coincides with identity on constants, so for 7 £ 
(0,«)), 



(A.14) 



ia,-B;j\S)~:y^^Ha2-B;-/\£) < \\{ai ~ €,2) ■ B\\^^^ < |ai-a2|||B| 



For 7 = +00. the validity of (jA.14p follows by passing to the limit 7 ^ 00. On the other hand, by (jA.12p . 
for B G L°°, 7o > and 71, 72 G [70, 00), we have 

1 



i/('")(B;7i|f)-^^^"'^(i?;72|f) 



< 



(A.15) 



(7i(S-£);i)-i'("') (72(5 
i^("')(-7if;l)-z^^'"^("72f;l)|) 

l|f|lL=")l7l-72|. 

Therefore, for each 70 > 0, there exists a constant C = C(7o) > such that 

|w(q!i,7i) - w(a2,72)| < C (I71 - 72] + \cxi - a2\) , for 71,72 € [70,00), ai,a2 G 



70 



<-i\\B~£\\^. 
70 



The existence of the limit w{a, 00) = lim 



7 — *oo 



7(0:, 7) is the final ingredient in the proof. 



□ 



Appendix B. The residual risk process 



In this Section, we deal with the the notion of the residual risk in the dynamics setting, i.e., the residual- 
risk process. We first recall the definition of dynamic version of the (conditional) indifference price. 

B.l. A dynamic version of the indifference price. In addition to the study of the indifference prices 

jyM (^5 -y|£;) and v'^'^^B; ^\£) defined at time t = 0, one can restrict attention to any subinterval [t, T] of [0, T], 
and consider the filtered probability space (fi, JT, {J^^j^^j^ ,P) and the stock-price process {^u\u<^^t t]- 
The (conditional) indifference price o f the contingent claim B, de fined on this restricted model, is denoted 
by v[^\B;^\£). More precisely (see Mania and Schweizei ( 2005 ). Proposition 12, page 2127 for details), 
v[^\B; ^\£) can be defined to be the a.s.-unique solution of the following equation 



(B.l) esssupE 



exp ( - 7(f + / ^.^dSu + v['"\b-^\£) - B) 



esssup E — exp ( — 7 
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One can show using standard dynamic-programming methods (see e.g. iMania and Schweizen (|2005f )) that, 
when seen as a stochastic process, 7|f ))(g[Q admits a cadlag modification. The process (^'('"■'(B; 7|5))jg[o. 

modified so as to become cadlag, is called the writer's indifference price process for the claim B. A natural 
analogue corresponding to the buyer's price can be introduced in a similar fashion. 

B.2. The residual risk process. Having defined the dynamic version [vf'^ (B; j\S))te[o,T] of the indifference 
price process, one can render the notion of the residual risk introduced in Section [Sj dynamic, too. More 
precisely, the writer's residual risk process {Rl^'\B;"f\£))t^[Q x] is defined by 

Ri^'HB; 7|£) = j.^'") {B; j\£) - 7!^) - f dS^. 

Jo 

(note that Rij^\B;-/\£) = i?'"") (B; 7|£)). We can define the buyer's residual risk process by i?^^^ (i?; 7]^ ) = 
r[^\—B;j\£). It is straightforward that 

(B.2) Ri^HB;j\£) = R^''\b ~ £;^\£) ~ Ri^H~£;^\£), t e [0,T]. 



and th at the process (i?|™^(-B; 7|iS))tg[o,T] admits a cadlag modification. It has been shown in 



Mania and Schweizer 



(|2005l ) (see Theorem 13) that when F is left-continuous, the residual risk process admits a representation in 
terms of a martingale orthogonal to S. We state the straightforward extension of this result to the conditional 
case below. 

Theorem B.l (Mania M. and Schweizer M. (2005)). Suppose that the filtration ¥ is continuous, and let the 
process (i?!""' (B; 7|£))tg[o.T] &e above. Then there exists a process (L^"'' (i?; 7|£))tg[Q such that 

(1) {Ll"''\B;j\£))t^[o^T] IS a Q'--^^^ -martingale m the space SMO(Q(-t^)), and 

(2) Ri-\B;^\£) = l[^\B;j\£) - l{L(^HB;j\£))t. 

When £ r^O, the family (B; 7)}..,>o admits a limit L'-'^^B; 0), as 7 \ 0, in BA/0((Q(°)). The process 

can be identified as a term in the Kunita-Watanabe decomposition 

(B.3) Bt=E^i<4B]+ Tijf' rfS„ + 4"''(S;0), tG [0,T], 

Jo 

of the Q''^^ -martingale Bt — E^^' ' where 1?^ ■* is an S-integrable predictable process for which {'d^ ^ ■ 

S) a Q^^") -square integrahle martingale. In particular, L^'^\B;0) is strongly orthogonal to any Q^^^ -local 
martingale of the form (1? • S), i9 G £(S). 
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